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Mesoscopic circuits with charge discreteness:
quantum transmission lines
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Arica, Chile
We propose a quantum Hamiltonian for a transmission line with charge
discreteness. The periodic line is composed of an inductance and a capaci-
tance per cell. In every cell the charge operator satisfies a nonlinear equation
of motion because of the discreteness of the charge. In the basis of one-energy
per site, the spectrum can be calculated explicitly. We consider briefly the
incorporation of electrical resistance in the line.
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I. Introduction: LC quantum circuits with charge
discreteness
Nowadays technological miniaturization of circuits is increasing and their
mesoscopic aspects become more relevant. Recently, a theory for mesoscopic
circuits was proposed by Li and Chen [1] where charge discreteness was con-
sidered explicitly. This is very related to miniaturization since the number
of charges in these systems is expected to be more and more reduced. In the
LC circuit studied in reference [1], the Hamiltonian operator was given by
Ĥ = T̂ + V̂ , (1)
where V (Q̂) = Q̂2/2C, with Q̂ the charge operator, is the electrical energy
in the capacitance C and the magnetic energy operator term T̂ , related to
the inductance L, was given by
T̂ =
2h¯2
Lq2e
(
sin2
(
Lqe
2h¯
k
))
, (2)
in k-representation (or pseudo-current representation, 0 < k < 2pi). The
above operator has some resemblance with a mechanical kinetic operator in
the limit of small k. In (2) the constant qe represents the elementary charge
in the electric system. In this representation, the charge operator Q̂ is given
by
Q̂ =
ih¯
L
∂
∂k
, (3)
and the corresponding eigenfunctions are einLqek/h¯ with discrete eigenvalues
nqe where n is an integer. Since the current operator Î is formally obtained
from Î = ( 1
ih¯
)[Ĥ, Q̂] then, in the k-representation, it becomes
Î =
h¯
Lqe
sin(
Lqe
h¯
k). (4)
In the limit qe → 0 all these operators become the usual ones associated
with a quantum LC circuit with continuous charge [3]. Moreover, the current
operator (4) is bounded with extrema values ± h¯
Lqe
. After reference [1], the
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above Hamiltonian describes phenomena like persistent current, Coulomb
blockage and others.
As pointed-out in [2], the above set of operators defines an algebra with
some similitude to this related to space-time discreteness [4,5,6]. In fact,
the charge-current commutator [Q̂,Î], usually proportional to the identity,
becomes modified with a kinetic term which is zero when qe = 0. So, space
and charge discreteness could be described with the same mathematical tools.
On the other hand, dissipation is a subject very related to electric circuits.
This phenomenon defines a decoherence-time related to mesoscopic aspect.
Dissipation can be considered in many forms, the usual one is to connect the
system to a bath with many degree of freedom, and with some assumptions
respect to the decaying rate [7]. Phenomenological RLC circuits can be also
considered using Caldirola-Kanai theory [8,9,10] in a direct way [11].
In this paper we are interested in a quantum transmission line. Such
transmission lines are usually used in mesoscopic physics. For instance, in
reference [12], a quantum transmission line with continuous charge was con-
sidered and connected to a metal ring. It was quantized and used as environ-
ment to study zero-point fluctuations influence on a metal ring. Particularly,
we shall consider a quantum transmission line with charge discreteness. For
this purpose we shall use the ideas discussed above. In this way, we consider
a periodic transmission line composed of cells. Every cell has an inductance
L and a capacitance C.
In section II, we consider briefly the classical transmission line which
will be quantized by standard procedure. In section III, we present the
quantized Hamiltonian which contains explicitly charge discreteness. Also in
that section, we write the motion equation of the charge in the line using
Heinsenberg equation of motion. In section IV, in the one-energy per site
approximation, we find the spectral properties of the systems. In section
V, we study briefly the incorporation of electrical resistance in the quantum
transmission line with charge discreteness. In the last section, conclusions
are touched.
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II. Classical transmission line
In this section we shall consider a periodic transmission line composed in
every cell of an inductance L and a capacitance C. Classically the evolution
equation for the continuous charge Ql, at cell l (l ∈ Z) in the transmission
line, is given by the expression
L
d2
dt2
Ql =
1
C
(Ql+1 +Ql−1 − 2Ql) , (5)
which can be obtained from the classical Hamiltonian given by
Hclas =
∑
l
φ2l
2L
+
1
2C
(Ql+1 −Ql)
2 , (6)
where the variable φl corresponds to the magnetic flux in the inductance at
position l and it is proportional to the classical current in the cell. It is
explicitly given by
φl = L
dQl
dt
. (7)
The integer l in (5) represents the index of the cell at position l. The first
term depending on the current in (6) is the equivalent to the kinetic energy
of a mechanical system and is related to the stored magnetic energy in the
inductance. In the quadratic potential, the crossed term (Ql+1Ql/C) repre-
sents the interaction term between cells. In fact, for continuous variables,
the above Hamiltonian is equivalent to this one of mechanical vibrations
and could be quantized directly. By canonical transformation, the classical
Hamiltonian (6) could be transformed to normal modes and its spectral fre-
quencies are well-known. For us, the important fact is that the crossed term
in (6) defines the interaction between two consecutive sites or cells. This
interaction term will be preserved in the quantization process.
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III. A Hamiltonian for quantum transmission
lines with charge discreteness
Due to charge discreteness in the quantum case, the structural changes
are only expected to occur in the kinetic part of (6) where the usual quadratic
term is transformed in a trigonometric function (section I). Then, the quan-
tum transmission line with charge discreteness can be quantized directly. So,
from the classical Hamiltonian (6), and equations (2) and (3), the quantum
Hamiltonian for the transmission line with charge discreteness is
Ĥ =
∑
l
 2h¯
2
Lq2e
sin2
(
Lqe
2h¯
kl
)
−
h¯2
2L2C
(
∂
∂kl+1
−
∂
∂kl
)2 , (8)
where the quantity kl corresponds to the pseudo-current in the cell at posi-
tion l and varies between 0 < kl < 2pi. As pointed before, the kinetic part is
not quadratic in kl, which is very related to the charge discreteness assump-
tions (qe 6= 0). The study of the Hamiltonian (8) is the purpose of this work.
Remark that in the limit qe → 0 the kinetic part becomes proportional to k
2
l
with formal similitude to the case of mechanical vibrations (phonons). This
corresponds to the continuous charge case and the name circuitons for these
propagating modes is appropriate. Nevertheless, circuitons are the limit case
with zero charge discreteness qe → 0. In a general context, since the above
Hamiltonian describes the quantization of the line and the quantization of the
charge we shall call cirquitons the normal modes (propagating modes) of the
above Hamiltonian. This appellation seems appropriate because it remem-
bers: (i) the quantization process and (ii) the discreteness of the charge (qe ).
The existence of these propagating modes is ensured since the Hamiltonian
(8) is invariant under (discrete) spatial traslation.
The motion equation related to the quantum transmission line can be
found with the usual quantum mechanical evolution rules (Heisenberg equa-
tions). The pseudo-current kl has associated the canonical conjugate operator
of the charge, namely, the operator K̂l with eigenvalues kl. It satisfies the
canonical commutation relation :
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L[Q̂l, K̂l] = ih¯. (9)
As function of this operator, the Hamiltonian of the transmission line
becomes
Ĥ =
∑
l
{
2h¯2
Lq2e
sin2
(
Lqe
2h¯
K̂l
)
+
1
2C
(
Q̂l+1 − Q̂l
)2}
, (10)
and the evolution equation for the charge operator in the Heinsenberg rep-
resentation d
dt
Q̂l =
i
h¯
[Ĥ, Q̂l] can be computed explicitly:
d
dt
Q̂l =
h¯
qeL
sin
(
Lqe
h¯
K̂l
)
. (11)
Which is similar to the nonlinear expression (4) for every cell. In fact , (11)
defines the current operator and it is bounded like to the case mentioned in
the section I. The motion equation for the pseudo-current operator d
dt
K̂l =
i
h¯
[Ĥ, K̂l] is
d
dt
K̂l =
1
CL
(
Q̂l+1 + Q̂l−1 − 2Q̂l
)
. (12)
In equations (11) and (12), we notice that the formal limit qe → 0 gives
the usual linear motion equation for transmission lines with similitude to the
classical one (5). Nevertheless, in the general case, the evolution equation is
nonlinear.
IV. One-energy per site: excitations on the
transmission line
The study of the spectral properties of the Hamiltonian (8), or (10), is
difficult because of the nonlinear term associated with the magnetic energy.
Without charge discreteness (qe → 0), this operator is quadratic and the
usual normal modes technique could be used [13]. In this section we solve
the spectral properties on the vector-basis of the system without interaction.
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We shall find a particular spectral solution in the basis of one-energy per site
or cell.
The Hamiltonian (10) can be written as
Ĥ =
∑
l
Ĥl −
1
C
Q̂l+1Q̂l, (13)
where the site-Hamiltonian Ĥl corresponds to this one of a LC circuit (1)
with capacitance C/2. Since the total Hilbert space, where the Hamiltonian
(13) acts, is the direct product of the spaces associated to every site l, then
we consider the sub-basis{| l〉, l ∈ Z} where every element | l〉 is an eigenstate
of the Hamiltonian Ĥl with energy V . Namely,
Ĥl | l〉 = V | l〉. (14)
Since 〈n | l〉 = δl,n and the operator Q̂l acts only in the site l, the com-
plete Hamiltonian Ĥ is Hermitian and becomes tri-diagonal in this basis.
Explicitly, it is given by the matrix elements:
〈l | Ĥ | l〉 = V ; and 〈l | Ĥ | l + 1〉 = −α
q2e
C
, (15)
where α is a dimensionless constant which we keep as one (α = 1). Formally,
this can be carried-out by an adequate normalization. Noticed that the off-
diagonal terms in (15) are related to the interacting term in (13), namely,
1
C
Q̂l+1Q̂l and then it was expected to be proportional to q
2
e .
The LC energy stored in a cell is now spread into a band due to charge
interaction with the two neighboring cells. The spectrum of the tri-diagonal
Hamiltonian is well-known and corresponds to the so-called tight-binding
approximations in Solid State Physics. In fact, assuming a general state of
the form |ψ〉 =
∑
ψl | l〉, the Schro¨dinger equation related to the tri-diagonal
Hamiltonian (15) becomes:
Eψl = V ψl −
q2e
C
(ψl+1 + ψl−1) , (16)
with E the energy. The eigenstates are of the form ψl = e
iθl, where the phase
θ is a real number (0 < θ < 2pi), and the spectrum becomes
7
E = V −
2q2e
C
cos θ, (17)
where we have considered an infinite transmission line (i.e. θ is a contin-
uous variable). The above expression defines the density of states and the
thermodynamics properties of these lines could be calculated.
The spectrum (17) defines an ensemble of quantum excitations on the
transmission line, nevertheless, they are not the more general because they
are only defined in the sub-space spanned by {| l〉, l ∈ Z} in the complete
Hilbert space. For instance, others kind of excitations could be found if we
consider two energies by site, or different energies by site.
V. Transmission lines with resistance
The Hamiltonian (10) describes a quantum transmission line with charge
discreteness, but it does not consider dissipation. On the other hand, electri-
cal resistance (Ohm law) is an intrinsic phenomenon in electrical conduction.
After Bateman’s work [14], classical linear dissipation could be studied in
a Lagrangian way by consider a time-decaying exponential factor multiply-
ing the Langrangian function. From this, the classical Hamiltonian could be
written in the standard way. So, quantization becomes attainable from the
usual correspondence between position-momentum and its associated opera-
tors [8,9,10]. In our case, a similar procedure could be implemented and we
obtain the time depending Hamiltonian:
Ĥ(t) =
∑
l
{
e−
R
L
t 2h¯
2
Lq2e
sin2
(
Lqe
2h¯
K̂l
)
+ e
R
L
t 1
2C
(
Q̂l+1 − Q̂l
)2}
, (18)
where the constant R represents the resistance. With the above Hamiltonian,
and the Heinsenberg motion equations, we obtain for the charge operator
d
dt
Q̂l =
h¯
qeL
e−
R
L
t sin
(
Lqe
h¯
K̂l
)
, (19)
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and for the pseudo-current operator
d
dt
K̂l =
1
CL
e
R
L
t
(
Q̂l+1 + Q̂l−1 − 2Q̂l
)
. (20)
From (19) and (20), the equation for the variation of the charge becomes
L
d2
dt2
Q̂l = −R
d
dt
Q̂l +
1
C
(
cos
(
Lqe
h¯
K̂l
)) (
Q̂l+1 + Q̂l−1 − 2Q̂l
)
(21)
which in the formal limit qe → 0 becomes the usual one incorporating a
resistance R in every cell of the transmission line. So, the time depending
Hamiltonian (18) describes the dynamics of a quantum transmission line with
charge discreteness and resistance.
Conclusions and discussions
We have proposed a quantum Hamiltonian for a transmission line com-
posed of a periodic array of inductances and capacitances with charge dis-
creteness ((8) or (10)). To construct this Hamiltonian we have used the
charge discreteness procedure proposed in reference [1] for a LC circuit. In
our case, the corresponding Hilbert space is given by the tensorial product of
this one of every cell, corresponding to a LC circuit. In the particular basis
of one-energy per site, or cell, we have found the spectrum of the line (17).
Note that charge discreteness produces nonlinear terms in the equation
of motion in the transmission line (11,12). The incorporation of electrical
resistance was considered by using the Caldirola-Kanai theory (section V).
As a final remark we note that disorder systems are usually studied in
Solid State Physics [15] and it is well-known that localization of states could
exist. In our case, we believe that disorder can be incorporated in the line
by consider for instance every inductance as a random quantity. In this case,
it seems interesting to study the role of disorder and the nonlinearity due to
charge discreteness. On the other hand, it is known that decoherence effects
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break localization [16,17] then the role of environment and resistance on the
transmission line must also break localization.
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